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Abstract

r

We study a model in whi;h collusive duopolists divide up the monopoly
profit according to their relative bargaining power. &é’are particularly
interested in how the negotiated profit shares depend on the sizes of the
firms. If each carn produce at the same constant unit cost up to its
capacity, we show that the profit perugit of capacity of the small firm
is higher than that of the large one. he also st;dy how the ratio of
the negotiated profits depends on the size of demand relative tc industry

capacity, and how this ratioc changes with variations in demand.
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PROFIT-3HARING IN A COLLUSIVE INIDCUSTRY*
Marcin J. Iaborrne** 08 Curtl PRI AR A
1. Introducticn
Suppose that a nunber cf hetercgenecus cligorolists collude.  ilw

will they divide up the rnonopoly profit? This is the guestion which we 2iire
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In particular, we study how the profit shares which are agreed up
on the sizes cf the firms. It is easy to find staterents in the literat.re
to the effect that agreements orn the actions tc ke taken by collus:ive fir-:

are the outcomes of "hard bargaining”. Fcr exarmple, Bain
Patinkin [1947] precisely because the latter suggests that -utput Juotas :re
determined by efficiency considerations, rather than by the relative Luirg:ir . -
prower of the firms., There has, hcowever, been rno attemgt & use a4 £ r—.!l
bargaining model to analyze the issues. There 135, in fact, ro

model which captures with complete success the subtle mixture of cocporiti o«

and competition involved in a bargaining process. However, in the case of

two bargainers, there is one--due to Nash [1953]--which defines a plausitle

*We are very grateful to a number of organizations for hospitality anrnd fin-
ancial support. This work was begun when Pitchik was visiting the Cowles
Foundation for Research in Economics at Yale University, in 1980-81. She
was supported there by a Post-Doctoral Fellowship from the Natural Sciences
and Engineering Research Council, Canada. The research was continued when
both authors were visiting the Institute for Mathematical Studies in the
Social Sciences at Stanford University in Surmer 1981. At that time, ard
also in Summer 1982, Osberne received partial support from the Columbia
University Council for Research in the Social Sciences. fitchik also received
partial support from the Cffice of Naval Research (contract NOOO14-77~C-0518)
at the Ccwles Foundation, and from the National Science Foundaticn (grant
3:5-82077€3) and ©ffice of Naval Research (contract N0014-78-C-0598) at
tNew York University.
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outccme. This solution has been axicratized by Zfelten 13021, whc

establishes that it yields the only cutccme satisfving 3 number <f attrictives

(1]
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corditions. It is also pessible to interpret the sclution as th
of a two-stage procedure in which players I.rst anncunce threats, and tihen
negotiate on the basis of these threats. Both players know this will happen,
and hence simultaneously choose their threats so as to maximize their final
payoffs given their opponent's threat. This solution can be extended to deal
with the case of many individuals (see Selten [13964]), but the extra dirensicns
of the problem then make it less clear as to what is the ccrrect formulat:ion.
For this reason we restrict attention to the case of two firms.

We wish to abstract from technological supericrity, s> we issume 2ach

firm can produce at constant unit ccst up to its capacity. Wwe find that, ain

the negotiated agreement, the profit per unit of capacity cf the small firm

is always at least as large as that of the large firm; 1f the 1ndustry -apactisy
exceeds the monopoly output, then the ineguality 1s strict (see Prcposito.n A
in Section 2). The fact that a large firm can make a more potent thrext than

a small one--it can more easily "flood the market'--means that its negotiated
unit profit is higher than that of a small firm. However, to analyze the effect
of such a threat, we have to take into account the possible retaliation by

the small firm. Also, mcre importantly, we should consider the fact that becth
firms, irrespective of size, have an equal ability to disrupt an agreement.
(This last fact has been used by political scientists in their analyses of

the power of parties of various sizes.) It turns out that the balance of
forces is in favor of the small firm in our model. We also find that the
larger is industry capacity relative tc demand, the higher is the unit prcfit

of the small firm relative to that of the large cne (see Prcpecsition ).
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Furthermore, a particular sort of decrease in demand which preserves the
monopoly output also improves the positicn of the small firm. Thus zur
theory predicts that a small firm in a collusive ducpoly will earn 3 higher
unit profit than a large firm, and that its edge will be greater when demand
is low relative to industry capacity.

Our model and its conclusions may be contrasted with others 1in the
literature. In Stigler's classic paper ([1964]), and in Green and Porter's
[1981] reinterpretation of it, as well as in Radner (1980} and others, an

oligopoly is viewed as a noncooperative game. The main issue these pagers

address concerrns the conditions under which oligopolists will ccllude. Given

the fact that a firm which deviates from a collusive agreement can be "punisic!

by a retaliatory :deviation, there are some circumstances at least urnder
which collusion can be noncooperatively sustained. ne prcklem with this

approach is that there is in general a wide range cf eguilibrium agreerents.

Unless more or less ad hoc restrictions are placed on the threats cr agreemern

which are allowed, specific predictions of the sort we want are difficult
to obtain. The Nash variable-threat bargaining solution defines a unique
outcome. Its disadvantage is that it is not grounded in a well-formulated
noncooperative analysis, though it is supported by Selten's

axiomatization. Our focus is on the outcome of negotiaticns armcng

the firms, given that they collude; ideally one might hope for an analysis
which gives a precise answer to both the questionsl/: When will firms
collude? What sort of agreement will they reach if they do so?

OQur prediction concerning the higher unit profit of a small firm

coincides with that of Stigler [1964]. However, the assumptions under which

it is obtained are different. Stigler derives his result in a mcdel in

ot
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which there is incomplete infcrmation. The 1dea is that small firms can more
easlly cheit on an agreement without being detected. In our model there 1is
complete informaticon; the relative advantage of the small firm varies not with
the extent cf imperfect informaticn, but with the capacity of the industry
relative to demand. Our predictions are thus distinct from Stigler's.

The basic structure of the model of Radner {1977] is the same as ours.
His mcdel is different because it uses the core as a solution rather than the
Nash bargaining solution. He sh~ws that the outcome where unit profits are
equal for all firms is in the core, <i2=3h many other outcomes are also.
Thus, as in the nonccoperative models, n> specific prediction is obtained.

we have not attempted to systematically coollect evidence con the tehavior
of collusive firms. GHeowever, there ig one striking example which acccrds well

with cur results. This is the addyston Pipe cartel, in which the negotiated
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ers {1913], pp. 2C5-20%; Bittlingrayer [1982]) precisely favers
the small firms in times of lcw demand, while providing a more equal divisicn in
times of high demarnd. Although the case of OPEC is somewhat mcre complex
(it is even disputed that it should be regarded as behaving collusively)
there is also some evidence that the small producers do better than the large
ones (see for example Gately [1979], p. 311).

If firms can legally form a cartel, it is possible for them to achieve
any division of the monopoly profit by making side-payménts; such transfers
are frequently made in actual cartels. If any agreement has to be tacit,
however, it may be more reasonable to restrict the feasible outcomes to those
which can be realized by independent actions by the firms. The distinction
between the two cases is particularly significant (as, e.g. Bain [1948)

notes) if the cost functions of the firms differ significantly. For thern,
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irms are different, then this may not be so; although we ccould ar
the solution concept to such a situaticn even if transfers were prchibited,
we have nct atterpted to o so.

In the next secticn we cutline the mecdel and state cur main results.

In Section 3 we previde the details of the analysis; in Section ¢ we make

2. An Cutline of the Mcdel ard Fesults
There are twe firrs, indexed 1 =1, 2. Firm 1 has carzaoity W
we assure thrcughcut tha% > X, >0 (i.e. firm 1 1=z Iarzer). tach

firm can produce the sare 1ccd at the same, constant unit cost uw - O up
to its capacity. Siven the prices of all other goods, we assume that the
agaregate demand for the output of the firms is a continuous, decreasing
function of price, and that there exists a price such that demand is zero.
This means that the maxirmal joint profit (subject to the restriction that
cutput be at most kl + k2 = k) is well-defined for each value cf k; we
denote it T* (k).

The problem of the firms is to reach an agreement on how this profit
should be shared. We allow side-payments (though the final outcome can
1lvays be attaired withnut them), so that any division of this prcfit :is
-/

rassible.  ha gtrategic variable of the firms is the quantity of cutput

- e e ——— . ——— [ U
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(as in Cournot). If the firms ncn-cocperatively select guantit:ies 3 and
qj, let the profit of firm 1 be hi(qi' qj). Now suppcse that firm 1 .=
threatens to select qi' Then according to the ccmprormise rule in the la:zh

variable-threat (henceforth NVT) bargaining solution, the firms will agree

to split the jointly maximal profit [*(k) so that firm i receives

(2.1) hi(qi. qj) + $[T% (k) - hi(qi' qj) - hj(qj, qi)]

(k) + hi(qi' qj) - hj(qj, qi)]

Vi(qi' qj), say.

That 1s, the excess of 1*(k) over the sum of the profits if the threoats

are carried out is split equally between the firms. Intuitively, the gfuv:ifs
when the threats are carried out reflect the bargaining power of the Ifirms:
since ezxch firm can egually well disrupt an agreement and cause i revers..n
to the threat-point, the split of the excess is equal. (For a mcre eleg:nt
justification, see the axiomatization of Selten (1960].) Each firm kncws the

compromise rule, and so chooses its threat, given that of its opponent, to

maximize v.(qi, qj). Thus, a pair of optimal threats is simply a Nash
i

equilibrium of the game with payoff functions vi. Since this game is constant-
sum, the equilibrium payoffs are unique (even though there may be many pairs
of optimal strategies). These equilibrium payoffs are the outcome of the

bargaining--they are the negotiated payoffs, which we denote v;(kl, kz)

(i = 1, 2). Note that the fact that the game with payoff functions vy
is constant-sum also means that the optimal threats guarantee the negotiated
payoffs.

e shall ncw surmarlze our results; the assumpticns we list are detaile!l
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n the rnext gfetticn. wWe bkegin by assuming (3.1},
show that uniess there is significant undercapacity in the indusstry

the regcriated profit per unit of cagaczity is larger fcor the small Zivm woon

fcr the large cne, and it is always at lezst as larze., Let *the

constraint.

Prcopositicn A: Assure (3.1). Then for each value of (kl' k)

we have vi(kl, kz)/vg(kl, kz) < kl/kz' If kl > kz, and the total cagacity

k of the firms exceeds the unconstrained monopoly output, then the ineguality

is strict.

we now maxe a stronger assumpticn, which allows us to obtain the

optimal threats explicitly, and hence to establish some qualitative features

"
[hg
ot
)
’
1]
i

cf the soluticn. First, we show that the negctiated payoffs can ke

withcout any explicit trarsfers cof payoff.

Propesition B: Assume (3.1), (3.9), and (3.10). Then for each value

k.,) there is a price r and an output q.

95, (kl' 2 i

WA

k; for each firm

i = > * = - .
i 1, 2 such that vi(kl’ kz) (r u)qi

lext, we show that the higher is industry capacity relative tc ilerand,

“he better off is the small firm relative to the large one.

Proposition C: Assume (3.1), (3.9), and (3.10). Then if the relative

sizes of the firms are fixed, the larger the industry capacity relative tc

! " i * * k.)).
demand, the smaller is vl(kl, kz)/vz(kl, 2)

We cain also analyze the effects of a change in the shape cf tie 1.0 i

furcticn, (For a definiticn of the "regions", see I.ugram .}
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Froreosition D AssuTe (3.1, (3.2, and (2.10). urcose that derand
£211s at all rrices kelow the renopely price, which remaing the sare The
- St ok ! ke P £ £~ TY ey ~ & N v ‘e
the ratio ‘l‘kl' kz)/we(kl, xz) falls for all walues of (nl, k.bozn

regicns II and IIZI, and 1s unchanjed in regions I and 1IV.

3. The Mcdel

Let D: m+ - R+ be the aggregate demand function fcr the geed. Let
p dencte the excess of price over unit cost, and let X = {-u, =)}; we shall
frequently refer, somewhat loosely, to an element of X as a "price". Tefin
d: X » R, by d(p) = D(p + u); d(p) 1is the demand for the good when its

3/

rrice exceeds the unit cost by p. We assume that~
(3.1) 4 is continucus, there exists po > 0 such that d(p) =0
if p > P, and d{(p) > 0 if p < Pgr and d 1is decreasing

for p

na

Py

It is more convenient here to work with the inverse demand function
P: [0, ») » X defined by P(q) = d-l(q) if 0< g < d(-u), P(0) = po, and
P(q) = -u otherwiSe. (This incorporates the assumption that if a quantity in
excess of d(-u) is offerred for sale then it is all sold at the price -u.)
By virtue of (3.1), P 1is well-defined, and decreasing on (0, d(-u)). Let
7{(q) = gP(q) (the profit associated with q), and let 7*(k) be the maximal

joint profit of the firms--i.e.

T*(k) = max {7(Q): 0 < qgk}

q
=Tl ¢ . k =k, + k. ). We ncrmalize the units in which gquantity is
1 2
. . 4 -~ ,
measured so the uncenstrained maxxmlzer—/ of T (the "uncrrnstra:ned




monopoly output”, which exists by (3.1)) is 1; we choose the unit

w
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so that the urceorstrained maximal profit is also 1 (so trat 3{1) = 1%,
New, if f1rm 1 chooses the output q_l and firm j chooses @,

the market sets the price P(qi+qj), so that the payvof? to firm 1 1is

hi(qi'qj) = qlP(qi+qj). Let S(x) = {0, x], the set of pcssible cutputs

of a firm with capacity x, and let H(kl, kE) be the game in which

the strateyy set ¢f i =1, 2 |is S(ki) and its payoff function is

hi' For each value of (kl, k2) we are interested in the VT

bargaining solution of H(kl' kz). If 9 and qJ are checsen as threzss

in this game, this solution involves a compromise paycff to firm 1 of

el - = % ~ - D o
(3.2) vi(qi,qj,k) YT (k) + (ﬂi qj).(ql + “3)]

s,

(see (2.1)). Let V(kl, kz) be the game in which the strategy set o
firm i =1, 2 is S(ki), and its paycff functicn is vi. Then the 7T
bargaining solution of H(kl, kz) 15 a Nash equilibrium of ?(kl, h: ,

the equilibrium payoffs being the "negotiated payoffs" ¢f our model. C[Tencte
the negotiated payoff of firm i by v;(kl, kz).

For each pair (kl, kz), each vi is continucus in (qi, qJ), sc that
if we allow the firms to use mixed strategies (i.e. probability distributicns
on S(ki))' then the game V(kl, k2) has an equilibrium., (Below we shall
give conditions on the inverse demand function P under which there is an
equilibrium in pure strategies, but we do not need these restrictions to

establish our result on the relative sizes of the equilibrium payoffs.) Thus

we have:

Remark 2.3: ‘'nder (3.1), the game  V(k., k) has in ezuilibriunm

ll

for each value of (k K.

1/
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We now claim that if a firm increases in size (the size of the other

firm fixed), its negotiated payoff does not decrease. First ncte thas <he

negstiated pay-oif v;(kl, XK.} is egual to ¥7*(X) plus the ezurlibrius

paveff to i 1in the zero-sum jame with paycffs 3(3. -3 )P(q‘+qj). it <
i 7z 1

increases, kj fixed, then S(ki) expards, while S’kj) is censtane,

so that the equilibrium payoff to i in the zero-sum game dces not decrease.
Since *(k}) 1is either constant, or increases, this means that v;(kl, K.}

is non-decreasing. S$Since both firms are identical if k1 = k2, we must

also then have v;(kl, k) 7% (k). Thus we have:

2

RemarX_3.4: For 1 =1, 2, v;(kl, kz) is non-decreasing in kl,

with vi(ky, k) = §70(k) i€ kg = ky, and hence vi(k . k,) 3 vik,, k).

We now study the negotiated profit of firm 1 (the large firm). we
show that it is at mest (kl/k)ﬁ*(k) by arguing that even if firm 2 slways

,» rather than using its best response tc the threat cf firm

threatens g_ = X

1, it is at mcst this amount.

Lemma 3.5: CUnder (3.1), for each value of (kl' kz) we have

* . = % -
vl(k1, k2) < vl(m,k2,k) $T* (k) + (m kz)P(m+k2)] for some k2 ¢m

wr
~

0

roof: For every value of (kl, k2) we have

= mi { k) k s (k. )1,
viik o k) n;ln max {v (q ,F,ik): F,€ St Q) and q €8 (k)
2 4
where ég(kz) is the set of mixed strategies of firm 2 (i.e. the probability
distributions on S(kz)). and we have extended vy to this set in the natural

way. Hence certainly

. . = s -} v
\i(kl, kz) < méf vl(ql,kz,k) m%x LT (k) + (q1 KZ)P(q1 + 2)]
425 LSS

= ${7*(k}) + (m ~ kz)P(m + RZ)]' Sav.
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1f 9 < K, then the second term in Vl(ql’k’;k) is negative, sc 1t is

-

clear that the maximizer m satisfies m > k_. .This ccormpletes the pro-f.

The bound on vl(x,y;x+y) previded in the following will ke used
to bound vl(m,kz;k), so that, using Lemma 3.5, we can establish the bcund con

v;(kl, k2) which we desire.

Lemma 3.6: Under (3.1), for any x, y with x >y > 0 we have

vl(x.y;x*y) = [T (x+y) + (x-Y)P(x+y)] $ (x/(x+y) )% (x+y), with strict

inequality if (x+y)P(x+y) < I*(x+y) and x > y.

Procf: The inequality follcws directly, noting that by definiticn

TE(x+Y) 2 (x+y) P (x+y) .

Propcsition 3.7: Assume (3.1) is satisfied. Then for each value cof

(kl' kz) we have v;(kl, k L

< e j ox (] =
) < (kl/k)u (k), so that vi(kl, Kz)/VE(Kl, 2 )

-
-

kl/kw; if G*(k)}) > kP(k), and hence in particular if k > 1, the ineju:..t:2s

are strict whenever kl > k2.

Proof: Setting x =m (see Lemma 3.5) and y = k2 in Lemma 3.6

we have

(3.8) vl(m,k :m+k2) = HK'(m+k2) + (m-kz)P(m+k2)] < (m/(m+k2))ﬁ'(m+k2),

2

with strict inequality if m = kl > k2 and kP(k) < T*(k). But m < kl,

sO ﬂ'(m+k2) < NM*(k). Hence the inequality in (3.8) implies that
(k) + (m-kz)P(mﬂtz)] < (m/(m+k2)):";'(k).

Using Lerma 3.5 we have vi(kl, k.) (m/(m+k7)):‘(k) < (kl/k)I'(k), with
< r4 =

qA

« -

the first inequality strict if m = k1 > kz and kP(k) < T*({(x), and the




second cne strict if m < K
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Frcposition A (see fecticn 2) is simply a restaterern
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3.7. This result tells us that the negotiated unit preofi
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always at least egual to that of the large firm, and that i

can prcduce at least the uncenstrained mencpely ocutput, then the small

strictly better off, Without making more assumpticns akcut the inverse ferun i

functicn we cannot say much more about the negotiated profits; however, we

do have the following.

Lerma 3.8: Under (3.1), if k, > #d(0) (ard hence kl > $d(0) ),

3 ey Fe s

then (¥3(0), 33(0)) 1is a pair cf optimal threats, and the negotiatel ;v f:cg

are v*(k_, k_) = §I*(k), 1 =1, 2.
—_— i1 2

Proof: It is easy to check, using (3.2), that for this range <f

i

[N

(kl, k. ), (3d(0), $a(0)) is an ezuilibrium of V(kl. K.}, with pave

§n* (k) to each firm.

Thus any capacity in excess of half the quantity demanded at zero
price has no effect on the negotiated profits, which are always subsequently
split equally.

We now make an additicnal assumption on the inverse demand function P2
which ensures that each payoff function vy is quasi-concave in 3 SO that

there exists an eGuilibrium in pure strategies.
(3.9) 1 is concave.

(recall thut 7(g) = gP(g).) For convenience we also assume that

(i.10) P .s crocth ocn (0, di-Ww).
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ropesition 3.11: Under assumpticns (3.1}, (3.3, and (3.10), frr =.c°h

value of (kl' k,) each pavoff functicn v, 1is Juasi-contave in I o=
that the game V(kl, K_) has 3 pure strategy ejui.irrium.

GR) = [T (k) + (qi-q])P(qi+qj)I, so that
avi(qi.qj;k)/rqi = i[P(qi+qj) + (qi—qj)P (qi+qj)].

Hence if q, < qj, vi is nondecreasing in qi. Also

[

2 N 2 . - n
(3.12) 3 vi(qi.qj.k)/oqi $[2p (qi+qj) + (qi qj)P (qi+qj)l

' " - 3 F"{; =1}
3[ 2P (qi+qj) + (qi+qj)P (ql+qj) R

If q; > qj, and P"(qi+qj) < 0 then by the first line of (3.12) 4n:is sec ni

derivative is nonpositive, while if P"(qi+qj) > 0 it is nonpositive by tha

second line {using the concavity of 7, which implies that IP'(g) + 30" (3"

on

for all q). Thus vy is guasi-concave in 9 cempleting the groco

In the remainder of this section, we maintain assumptions (3.9) zni

(3.10). We then have

kP (k) if 0 <

A
*

A
-

(3.13) N* (k) =

1 if k>1
(recall that the unconstrained monopoly output is normalized to 1). Further-
more, the quasi-concavity of the payoff functions implies that for each
value of qj' firm i has a pure best response, say Bi(qj)' which has the
form Bi(qj) = min (ki, A(qj)) (where A(qj) is the "unconstrained best
respense”--i.e. global maximizer of vi(-,qj:k))- From (3.2) it is easy

to argue that A{(0) =1, .nd min (qﬁ, l-q], 1d(M-q ) £ Al3) <
. M - 4 -
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max (qj, }d(O)-qj) for all qj. (An example is shown in Diaqram 1;
$d(0) > 1/2, though it may be larger =>r smaller than 1, deperding cn the
shape cf P.) From this it follows that the optimal threats (Nash eguili

strategies in the game V(kl, k2)) are (min (kl,A(kz)), k,) 1if k2 <

{recall that kl > kz) and (3d(0), 34(0)) if k2 > $3(0) (the latter

true even without assumptions (3.9) and (3.10): see Lerma 3.8). Hence, u

(3.13), the negotiated payoff of firm i is

FIRP(XK) + (k, = kK,)IP(K)] = k. P(k) = (k./kK)T*(X) in
1 ) 1 1

$[1 + (k, - k.IP(K)] in region

(3.14) v*(k_, k.) = N . ]
11 2 i+l . .

(1 + (-1) (A(kz) - k)P(A(k)) + k)] in region

| )
(172 in region

where the various regicns are as indicated in Diagram 2. If we fix K,

ird 1ncreise Kk then the regctiated paycff of firm 1 as a fraction of

11

tre maximal jeint prefit (1.e. v;(kl, k.,}/7“*(k)) varies as shown 1in Diag

brias

{0)

L2

is

sirg

region

II

ram 3.

(The diagram is drawn fcr the case X, < 1/2.) In particular, it is a concave

-
<

functior of Kk, : additions to capacity increase firm 1's share of the total

1

paycoff at a decreasing rate. We can also use (3.14) to examine the effect

of increasing 1ndustry - pacity relative to demand, keeping the relative sizes

of the firms fixed. wWe cbtain the fcllowing, which gives us Proposition C,

and is illustrated in Diagram 4.

Proposition 3.15: Let kl = ck, k2 = (l-c)k, where c > 1/2 is a

constant, so that kl/kz = ¢/(l-c) is constant. Then the ratio of negotiated

profits vi(ck. (l-c)k)/VS(ck, (1-c)k) is constant (equal to c/(l-c)) if

k < 1, decreasing in k if 1 < k< d(3)/2(1-c), and constant {egual to

thereafter.

1)

I
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Diagram 1
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> d(0)/2
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—
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Diagram 2
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vi(ck,(l-c)k)
Vﬁ(ck,(l-c)k)

e
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biagram 4
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Finally, we consider the effect of changing the dermand function whilc
keeping the capacities of the firms fixed relative tc the urncenstraired
monopoly output. If k > 1, then the total output under the cptimal threats
exceeds the output which maximizes joint profits, so that if the 1nverse Jer .o
curve shifts downwards to the right of g = 1, the paycffs at the threat
point are reduced for both firms, and the difference between them must als.
decrease. Because of this last effect, the ratio of the negetiated przfits
turns in favor of the small firm. Formally, we have the following, ard Lei. o

Proposition D.

Proposition 3.16: Let PO and Pl be inverse demard functicr: ..

satisfy (3.1), (3.9), and (3.10). Assume that Pé(l) = Pi(l) = =1, s: th:t

scint prcfits are maximized at g = 1 and the maximum is 1 1n each cxse;

1122 assume that Pl(q) = Po(q) 1f g<l or q=> ?;1(-u), and  F(:

if 1 <qg«< P;l(—u). Then for any f{ixed (kl, k.) in regicns 11 cr III

-
<

before the change, the ratic v;(kl, kz)/vg(kl, k) is lower for the inver:w

“

demand Pl than for PO; for cther values of (kl, k2) the ratio 1s uni: :n7. ..

Proof: First consider those cases where the capacities are such thit
after the change in P, and hence in the shapes of the regions, (kl, k:’
lies in the same region as initially. If k > 1 then the assumption cn
demands implies that Pl(k) < Po(k), so that if (kl' k2) is in region II,
the negotiated profit of firm 1 falls, while that of firm 2 rises (since
k1 - k2 > 0). For (kl, kz) in region I1I1I, note that q, is chosen by
firm 1 to be A(kz) in order to maximize (q1 - kz)P(q1 + kz)’ and
A(kz) + k2 > 1 (see the properties of A). Hence the change in P causes

a decrease in this maximum and hence a decrease in the negotiated profit of
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firm 1 and an increase in that of firm 2. If (kl, k,) 1is in reg:icns

I ~r IV, tiere 1s no change 1n either flrm's negotiated profit. Finally,
i the i I¢ 1n F Ciuses kl, %,} tc f3ll in a different region, 1t :s
Tlear that the chiotIe in the ratio of the paycffs 1s in the sure Zivection.

This ccempletes the proct.

Finally, we can show that, under (3.9), the negotiated paycffs can
be attained withcut any transfers of payoff (see Proposition B). In cther
words, each firm has enough capacity to produce what is required, at the
monopoly price, to gererate its negotiated profit; or v;(kl, kz) < kipm(k)'

where pn(k) is the mcnopely price, for 1 =1, 2.

Pr.opesiticn 2.17: Under ssswoptions (3.1), (3.2), and (3.1C), we
have v;(kl, kz) < klpm(k) (1 =1, 2), for all pairs (kl, kz).

Prrof: First ncte that 1f k < 1 then v;(kl, k) = kiP(k) (see

(3.14)} and p (x) = r©/k', so that the result is certainly true. Also

note that since v*(k

1k kﬁ)/vt(kl, k,) < kl/k7 (see Proposition A), it is

enough to show that v;(kl, kz) s kzpm(k). Now, if k > 1 and k2 2 1/2,

then the result is certainly true since pm(k) =1 and v;(kl, k2) < 1/2
(the latter from the facts that wv*(k_, k.) > v*(k_, X.) (see Remark 3.4)

11 2= 21 2

and *(k) =1). If k > 1 and k2 < 1/2 then we have v;(kl, kz) <

v*(l-k_, k), since v*(k,, k.) 1is nonincreasing in k (from Remark 3.4).
2 2 2 21 2 1

But by the argument above for k <1, we have v;(l-kz, k2) = k2, so

v;(kl, kz) < k2, completing the proof.

4. Discussion
We have analyzed a model of duopoly in which the firms®' behavier is

basically cooperative, but the outcome depends on the fact that each fimm




can threaten to act "disruptively". Here we make two brief concluding comments.
The game-theoretic solution concept we have used (the NVT bargaining
solution) has a number of attractive features. It involves the Nash eguililr:u~
of a strictly competitive game, so that each firm guarantees its eguilibrium
paycff by using an equilibrium strateqgy. Also, Selten [1%:0) shows that
it satisfies properties of strategic monctcnicity (more strategies cannct
hurt a player), and payoff monotonicity (if a player's payoffs tc all
strategy pairs increase, while the maximal sum of the payoffs tc bcth plavers
stays the same, then that player's negotiated payoff increases). In fact,
Selten characterizes the solution by a number cf such axioms. Cne feature
cf the sclution which may at first seem unreasonable concerns the cceffiriertn
1/2 in (2.1). Since there is a natural measure cf "size" of a plaver
in our specific context, it might be thought that the 1/2 coefficients
are ilnapprcpriate, especially when the scluticn is interpreted as a two-
stage bargaining process. However, Selten's axicmatizaticn shows that thig
may be an erroneous conclusion. The 1/2 coefficients come from a symwetr:
axiom {(in conjunction, of course, with the other axioms), which is very
natural to impose. It says that players can get different payoffs only
because of differences in their strategy sets or payoff functions. hus
in our case firm 1 receives a higher negotiated payoff than firm 2
(1f k1 > kz) because it has different strategies available to it, and
not simply because it is larger: largeness only conveys bargaining power
because it is associated with different strategic options.
Now consider the effect of allowing increasing, rather than constant
returns to scale (up to capacity). In a simple case, the solution given by
our model can be applied. Suppose the cost function is of the form

C(x) = 8 ¢+ ux (if x : ki)’ where 8, u > 0, so that there is a fixed
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cost s. If we let p be the excess of price over u, then the payvcéfs
in H(kl, kz) are exactl: s less than they are in cur mcdel. The
change in the maximal jcint paycff depends on the interpretatior
given to the fixed cost s. If a firm can close down and aveild gpavinzg 3
in the time period relevant fcr cur model, then it might be best for this
to happen, and for all the zr-iucticn te take place in the larger firm, -°r
for both firms tc clese deown. In any case, the maximal joint paviff
is lower than urder cur original assumptions (by at mest 2s). Thus T-y oo
given pair (kl, kz) the paycffs in the bargaining game ;R
fall by the sare arount {at m>rst s) fcr every palr (z,, ~*. Y. Ih:e
N z
means that the cptimal strategies in each case are identical to <! ~io
under our earlier assumpticns. change 1s 1n the rejutite
payoffs, which both derresse by the same amount, sc that the rat:- -¢ firo
1's payoff to that cf firm 2 increases. Hence if the ratio :s -y
close to kl/kz, it may exceel this under the new assumption. In f.az%, oo
our model, the ratio is preciczely kl/f-:2 if k < 1, ard decreases :s kl
increases, k2 fixed, i¥ k » 1. Thus in the new situation the lairge {1
earns a higher unit profit than the small one if the total capacity in the
industry is small (relative to the optimal output of a monopolist withcut
a capacity constraint), but a lower unit profit if the industry capacity 1is
sufficiently large.
!

— i ——— . . e— e e ——
—— — —— e
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Footnotes

In a static setting, D. K. Oskcrne [1976] claims that the cutputs
defined by joint profit maximization, together with some particular
threats which are to be used in the event of deviations, give firrs

the proper incentives to collude, and define a reasonable outccre

in this case (in his terminology, they provide & solution tc the
"deterrence" and "sharing" problems). However, as he points out, the
threats which support his outcome are not completely rational
("perfect") (see p. 839). Moreover, as we have pointed out above

(and as was noted by Bain [1948]), the outputs entailing joint profit
maximization do not plausibly reflect the relative bargaining positicns

of the fimms.
We have also analyzed the case where price is the strategic variable
(as in Bertrand). Qualitative results analagous to thcose here can

be obtained; we shall report them in a subsequent paper.

We could relax the continuity of &, and subsequently agreal to the
results of Dasgupta and Maskin [1982] rather than the classical resuls.

If there is more than one, take the largest.
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